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Abstract
We report a method for the determination of the chiral indices of large-indexed carbon
nanotubes by electron diffraction. By the use of this method, the index assignment errors,
originating from the tilt of a nanotube with respect to the incident electron beam, can be
directly specified. As an example, the chiral indices of a double-walled nanotubes with index
up to 80 and under a high tilt angle of as large as 20◦ have been accurately identified. Only the
data of the maximum peaks of the diffraction layer lines are required in the study, which makes
the chiral index determination much easier based on the common diffraction patterns.

1. Introduction

With the unique structure and fascinating properties, carbon
nanotubes (CNTs) have attracted a great deal of interest both
in fundamental science and in practical technology [1, 2].
Since the physical properties of CNTs are extremely sensitive
to their atomic structure—uniquely indexed with the chiral
indices (n, m) that describe the CNT construction as a rolled-
up graphene sheet [3, 4], a critical issue in CNT study is
the accurate (n, m) identification of every shell for a given
individual nanotube [5–7]. During the past few years, due
to the continued experimental and theoretical efforts, electron
diffraction (ED) has been emerging as a powerful technique
for determining the (n, m) indices of single-walled nanotubes
(SWNTs) with usually relatively small indices of less than
30 [8–22]. However, as for the large-indexed CNTs, such as
the double-walled nanotubes (DWNTs), the accurate (n, m)
assignment is still a big challenge [23–27].

Basically, the current state of the art in determining the
chiral indices of nanotubes from their electron diffraction
patterns (EDPs) can be categorized into two classes: one is
based on the tube diameter and the chiral angle [15–17, 24–27],

1 Authors to whom any correspondence should be addressed.

and the other is based on the Bessel function fitting of the
distribution of diffraction layer-line intensities [18–21]. As for
the former method, the diameter D and the chiral angle α of
each tube shell are first determined. Then among the possible
combinations, the (n, m) indices, which are exclusively in
line with (D, α), can be identified. In this method, both
D and α must be determined with high accuracy, and only
a slight error in either D or α may lead to an ambiguity in
indexing (n, m) [15–17]. In practice, there might be several
(n, m) combinations that will match (D, α) within the errors
of D and α. For nanotubes with large indices, e.g. more
than 30, their error range of (D, α) is much larger than that
of small-indexed nanotubes [26]. Thus, it becomes difficult
for this method to accurately determine the (n, m) indices
of large-indexed nanotubes. As for the latter method, the
chiral indices are retrieved from the orders of Bessel functions
that fit the intensity distribution of certain diffraction layer
lines. However, theoretically, this fitting is valid only for
normal electron incidence with respect to nanotubes [18–21].
In practice with tube inclination, the Bessel function fitting
will result in the inaccurate determination of the chiral index.
And the errors of chiral indices will become much larger
with increasing nanotube indices, because the corresponding
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(a)
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Figure 1. (a) Simulated EDP from a (40, 5)/(25, 15) DWNT in the
case of normal electron beam incidence. Two groups of layer lines
[l0, lA1, lA2, lA3] and [l0, lB1, lB2, lB3], layer-line spacing dA1 and dB2,
and the oscillation periods of e and E in layer-line l0 are
schematically illustrated. (b) Schematic expression of the tilt angle
τ of the nanotube with respect to the incident electron beam.

high-order Bessel functions differ very slightly among each
other [18]. Typically, this method is effective in determining
the (n, m) indices of nanotubes with an index less than 30
under a small tilt angle (<6◦) [19]. In addition, several peak
positions and intensities in the diffraction layer lines should be
of high precision in this method, which makes it incapable for
the EDPs with low pixel resolution [20].

In this paper, we develop a new approach for the accurate
chiral identification of large-indexed DWNTs from their EDPs.
And our method is also applicable for SWNTs and other few-
walled nanotubes. The tilt-effect errors in (n, m) assignment
are precisely specified, and the tilt angle is also evaluated
simultaneously. The accuracy in determining (n, m) indices of
large-indexed DWNTs under a high tilt angle is validated from
both the simulated and the experimental diffraction patterns.

2. Method

Figure 1(a) shows a simulated EDP from a (40, 5)/(25, 15)
DWNT in the case of normal electron beam incidence. Here,
we designate the chiral indices of a DWNT as (no, mo)/(ni, mi),
where subscripts ‘o’ and ‘i’ stand for outer and inner shells,
respectively. It is seen that the diffraction pattern comprises
several layer lines; and these layer lines can be divided into
two groups as [l0, lA1, lA2, lA3] (group A) and [l0, lB1, lB2, lB3]
(group B), originating from the two-shell structure [23]. The

intensity and location features of these layer lines are unique
for a given DWNT and will be used to determine its (n, m)
indices.

First, the outer (Do) and inner diameters (Di) will be
extracted from the intensity profile of layer-line l0. Based on
the concentric structure of DWNTs, the intensity distribution in
layer-line l0 oscillates with a small period e = 1/D̄, within an
oscillatory envelope of a large period E = 1/δD [25], where
D̄ is the mean diameter [(Do + Di)/2], and δD is the intershell
distance [(Do − Di)/2]. The outer and inner diameters can be
deduced from the two periods by an expression:

Do = 1/e + 1/E, Di = 1/e − 1/E. (1)

Secondly, we employ the difference in the diffraction
intensities to link the two groups of layer lines with the outer
and inner tube shells. This difference comes from the different
numbers of atoms contributing to the ED [11]. Since the
outer shell with a larger diameter has more atoms for a given
length, its diffraction intensity is stronger than that of the inner
shell [27].

Thirdly, the (n, m) indices of each shell can be obtained
from the layer-line spacing dk (k = 1, 2, 3) from layer-line
lk to l0 parallel to the tube axis. Geometrically similar to that
of SWNTs [22], dk are directly related to (n, m) indices and
diameter D by

d1 = n − m√
3π

1

D
, d2 = n + 2m√

3π

1

D
,

d3 = 2n + m√
3π

1

D
. (2)

Here we note that d3 = d2 + d1, which is conveniently used to
divide the layer lines into two groups. As l2 and l3 correspond
to the layer lines with relatively strong intensities and are also
far away from layer-line l0, we choose d2 and d3 instead of
d1 for determining the (n, m) from equation (2) to reduce the
error. Combining with equation (1), the (no, mo)/(ni, mi) of
the DWNTs can be calculated by

no = π√
3
(2do3 − do2)

(
1

e
+

1

E

)
,

(3a)

mo = π√
3
(2do2 − do3)

(
1

e
+

1

E

)
,

ni = π√
3
(2di3 − di2)

(
1

e
− 1

E

)
,

(3b)

mi = π√
3
(2di2 − di3)

(
1

e
− 1

E

)
.

In principle, equations (3a) and (3b) are valid only in normal
incidence. Under more general conditions, when the tilt angle
τ of the nanotube with respect to the electron beam is non-zero
(figure 1(b)), tilt-effect errors εn (defined as εn = ncalc − n)
will arise. As the intensity distribution of layer-line l0 is
independent of tube tilt [14], the measurement of e and E will
not be influenced by tilt angle [27]. The main influence of tilt
angle τ on the results comes from the fact that the layer-line
spacing dk is subject to scaling by a factor of 1/cos τ [15, 22],
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Table 1. The tilt-effect error εn corresponding to index n under
different tilt angle τ . All the conditions that make εn < 1 are framed
by the bold lines.

5º 10º 12.5º 15º 20º 

5 0.02 0.08 0.12 0.18 0.32 

10 0.04 0.15 0.24 0.35 0.64 

15 0.06 0.23 0.36 0.53 0.96 

20 0.08 0.31 0.49 0.71 1.28 

25 0.09 0.39 0.61 0.88 1.60 

30 0.11 0.46 0.73 1.06 1.92 

40 0.15 0.62 0.97 1.41 2.57 

50 0.19 0.77 1.21 1.76 3.21 

60 0.23 0.93 1.46 2.12 3.85 

70 0.27 1.08 1.70 2.47 4.49 

90 0.33 1.38 2.19 3.18 5.76 

n

τ

and so are the calculated (n, m). The tilt-effect errors εn can
be given by

εn = n · (1/ cos τ − 1) = ncalc · (1 − cos τ). (4)

Table 1 lists the tilt-effect errors εn under different tilt angle τ .
It is seen that in most cases εn is less than 1, as framed by the
bold lines. In particular, when the index n is small (n � 15),
εn are less than 1 even under a high tilt angle of as large as 20◦.
Under this condition, εn will be very easy to fix. However, error
εn will increase with increasing index n, and might become
considerably large, and even exceed 1. Then the accurate εn

fixing and (n, m) identification will become tough. This is
the general difficulty in the (n, m) assignment of large-indexed
nanotubes [18, 26].

Now, let us see how to specify all the tilt-effect errors and
evaluate the tilt angle at the same time. From equation (4), the
four errors εn for a given DWNT under a certain tilt angle τ

are directly related to the four calculated indices by

εno : εmo : εni : εmi = ncalc
o : mcalc

o : ncalc
i : mcalc

i . (5)

The tilt-effect error εn for the smallest index is first fixed,
which is basically less than 1. Then all the other three errors
can be specified among the possible values by equation (5).
Furthermore, in the case that the errors are determined, the tilt
angle τ can be simultaneously evaluated from

cos τ = 1 − εno + εmo + εni + εmi

ncalc
o + mcalc

o + ncalc
i + mcalc

i

. (6)

With the estimated value of τ , the corresponding simulation of
EDPs can be easily carried out to check the assignment results.
By using this strategy we can now avoid the complicated trial-
and-error procedure with different tilt angles.

In this method, only dk , e and E measured directly from
the EDPs in pixel unit are needed for the (n, m) assignment.
Neither any TEM operation parameters, such as the camera

length and accelerated voltage, nor C–C bond length are
required. Hence, our method is totally calibration-free. In
addition, all the information required for the assignment
process can be obtained from the peak positions of layer-line l0
and the first peak positions of layer-line l2 and l3. The signal-
to-noise ratio (S/N) of these features is the highest in an EDP,
which makes (n, m) identification much easier based on the
common diffraction patterns. It is also worth noting that this
method is applicable for (n, m) determination of commensurate
DWNTs of the same chiral angles, with do3 = di3, do2 = di2

and do1 = di1.

3. Results

As the tilt-effect error increases with the increasing index n

and tilt angle τ , in order to test the validity of the method,
we have simulated the EDP of a large-indexed DWNT under
a high tilt angle, i.e. a (60, 50)/(80, 10) DWNT under a tilt
angle of as large as 20◦, as shown in figure 2(a). To measure
the layer-line spacing dk , the integrated layer-line intensities
are projected onto the tube axis and plotted as a function of
the distance along the tube axis in pixel unit (figure 2(b)).
The layer lines can be easily divided into groups A and B,
according to d3 = d2 + d1. It is noted that the intensities of
layer-line lB1, lB2 and lB3 are obviously stronger than layer-line
lA1, lA2 and lA3, respectively. Group B, therefore, corresponds
to the outer tube shell. The two periods of e and E can be
directly extracted from the peak positions in layer-line l0 as
illustrated in figure 2(c). The measured values and results are
all summarized in table 2.

Using equations (3a) and (3b), the (no, mo)/(ni, mi) can
be calculated as (64.19, 53.74)/(85.52, 10.67). It deserves to
be noted that if we ignore the tilt-effect errors, as adopted in the
small-indexed nanotubes, the chiral indices will be determined
as (64, 53)/(85, 10), which deviates far from the real indices.
In the following, we will show the process of specifying the
tilt-effect errors (εno , εmo , εni , εmi ) by considering their relation
with the four calculated indices. The error εmi of the smallest
index 10.67 is first fixed; as discussed above, its value is
basically always less than 1. For example, among all the
possible values of εmi (0.67, 1.67, 2.67, . . . ), only 0.67 is
rational for a real EDP, since the others correspond to a tilt
angle of more than 30◦ (experimentally, τ � 20◦). The
error εmi can also be conveniently obtained from table 1, as
seen in the bold frame area with a value of less than 1. In
the case that εmi is fixed as 0.67, applying the relation of
εmo /εmi = 53.74/10.67, εmo for the calculated index 53.74 is
obtained to be 3.74 among its possible values (. . . , 2.74, 3.74,
4.74, . . . ). Similarly, the other two tilt-effect errors for the
calculated indices 64.19 and 85.52 can be fitted as 4.19 and
5.52, respectively. Therefore, the tilt-effect errors are fitted
as (4.19, 3.74, 5.52, 0.67), and the chiral indices are finally
determined as (60, 50)/(80, 10). Simultaneously, the tilt angle
can be estimated as 20.9◦, according to equation (6), which is in
good agreement with the real value of 20◦. It shows clearly that
the (n, m) of the DWNT can be accurately identified even when
the nanotube has an index up to 80 under a high tilt angle of 20◦.

3
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(a)

(b)

(c)

Figure 2. (a) Simulated EDP from a (60, 50)/(80, 10) DWNT under
a tilt angle of 20◦. (b) The integrated layer-line intensity projected
onto the tube axis corresponding to the framed area in (a). Two
groups of layer-line spacing dk can be measured. (c) The
enlargement of layer-line l0 and the two oscillation periods
of e and E.

Here, we emphasize that only the integrated intensity of layer-
line l2 and l3 is employed to deduce the (n, m), the details of the
intensity distribution are unnecessary in the present method.
This is a significant improvement over the several-peak-fitting
method [18–20], and makes it easier to index the EDPs.

To apply the method on the (n, m) assignment of real
EDPs, isolated ultralong DWNTs were grown across the slit
in the SiO2/Si substrate by ethanol CVD growth, following
a procedure similar to the previously reported ultralong
SWNTs [28]. The slit substrate was loaded into a JOEL
2010F transmission electron microscope (TEM) operated at
120 kV, through a specialized, home-made specimen holder.
Figure 3(a) shows a scanning electron microscope (SEM)
image of an ultralong DWNT grown on the SiO2/Si substrate.
The nanotube is suspended across the slit. The high-resolution
TEM (HRTEM) image of the DWNT obtained at the slit edge
is shown in the inset of figure 3(a), and the corresponding EDP
are presented in the left half of figure 3(b). The dk measured

from figure 3(c), e and E extracted from figure 3(d) and the
determined chiral indices are summarized in table 3.

The same procedure used above for the (n, m) assignment
in the simulated EDPs is adopted. Layer-line group A is
recognized to correspond to the outer tube shell, since the
integrated intensity of layer-line group A is stronger than that
of group B. The (no, mo)/(ni, mi) indices are calculated as
(48.80, 6.08)/(34.56, 13.15). Similarly, the tilt-effect error
εmo for the smallest index 6.08 is first fixed as 0.08, and then
other three errors εno , εni and εmi can be fixed as 0.80, 0.56 and
0.15, respectively. Finally the chiral indices are determined as
(48, 6)/(34, 13), and the tilt angle can be estimated as 10.1◦.
We have simulated the EDP (figure 3(b) right) based on the
identified (n, m) around the estimated tilt angle, using the
Matlab code similar to the analysis of graphite cones and muti-
walled CNTs in our group [29, 30]. We found that the best
fitting EDP is under a tilt angle of 9.6◦, which is very close to
the estimated value.

Besides extracting e and E from the peak positions
in layer-line l0, we can also fit its intensity profile by a
mathematical expression [25],

I0(R) ∝ |J0(πDoR) + J0(πDiR)|2. (7)

Figure 4 shows the intensity fitting of layer-line l0 for the EDP
in figure 3(b), with the best fitting e and E values to 31.85 and
319.0, respectively. These values are very close to what we
directly extracted from the peak positions.

4. Discussion

First, the possible error for this method should be considered.
As the absolute value of e is much smaller than dk and E, the
major source of errors should come from the measurement
error of e, especially the relative small magnitude of e as
a divisor in equations (3a) and (3b). Since e is inversely
proportional to the average diameter (D̄) of the DWNTs,
as for the small-indexed nanotubes with small D̄, the value
of e is relatively large and the corresponding measurement
error is negligible. As for the large-indexed nanotubes, the
measurement error of e becomes notable. In such cases, 1/e is
much larger than 1/E (1/e ∝ D̄, 1/E ∝ δD, D̄ � δD), and
the four calculated indices from equations (3a) and (3b) and
four tilt-effect errors from equation (4) are all approximately in
proportion to e. In the error-fixing procedure, the proportional
relationship between the four errors is adopted to identify the
tilt-effect errors. Therefore the measurement error of e only
makes the tilt-effect errors deviate from the real value, but the
final identified chiral indices are accurate. We find out that
the largest tolerated e error is 2% for small-indexed nanotubes
but 5–10% for large-indexed nanotubes (n > 30). This is a
significant progress in comparison with the previous method,
in which all the values have to be measured with critically high
precision.

Secondly, the proposed method is widely valid. This
method is based on accurately fixing the tilt-effect errors
by considering their relationship with the correspondingly
calculated chiral indices. In the case that the smallest error εmin

4
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Table 2. Measured dk , e, E and calculated results of the simulated EDP in figure 2(a).

d1 d2 d3 E e (no,mo)/(ni, mi) (εno , εmo , εni , εmi ) τcalc

Group A 257 367 624 309.5 17.62 (64.19, 53.74)/ (4.19, 3.74, 20.9◦

Group B 32 526 558 (85.52, 10.67) 5.52, 0.67)

Figure 3. (a) SEM image of an isolated ultralong DWNT grown onto the SiO2/Si slit substrate. The inset is the HRTEM image of the
nanotube, acquired in the region as marked by the frame at the slit edge. (b) The corresponding experimental (left) and simulated (right)
EDP of the same DWNT. (c) The integrated layer-line intensity corresponding to the framed area in (b). The background has been
subtracted. (d) The enlargement of layer-line l0 and the two oscillation periods of e and E.

Table 3. Measured dk , e, E and calculated results from the experimental EDP in figure 3(b).

d1 d2 d3 E e (no, mo)/( ni, mi) (εno , εmo , εni , εmi ) τcalc

Group A 227 324 551 319.0 31.80 (48.80, 6.08)/ (0.80, 0.08, 10.1◦

Group B 139 395 534 (34.56, 13.15) 0.56, 0.15)

for the calculated index is fixed, the others can be subsequently
fixed with high resolution. In most cases, it is very convenient
to fix εmin, since its value is usually less than 1. As a matter
of fact, the largest index n that keeps εmin < 1 is around 60
if tilt angle τ is less than 10◦. In actual practice, we can tilt
the specimen holder to ensure τ � 10◦. In the literature, the
experimental tilt angle is usually in the range 0◦ � τ � 20◦

[18, 21], and occasionally reaches 30◦. Without loss of the
generality of this method, we suppose the 0◦ � τ � 40◦. If
we record several EDPs under angles −30◦, 0◦ and 30◦ of the
specimen holder with respect to the nanotube axis, one of them
is taken under τ � 10◦. This practice is very similar to taking
a series of HRTEM images to obtain the best focus conditions.
Thus it is very easy for our method to identify the CNTs with
the smallest index less than 60, which covers almost all of
the nanotubes that we are interested in the study on individual
nanotubes. In the utmost limit, if the smallest index error is not
less than 1 even after tilting the specimen holder, the trial-and-
error procedure will be applied. Since the tilt angle is highly

sensitive to the determined tilt-effect errors, the wrong tilt-
effect error will lead the estimated tilt angle to deviate far from
the real value. Thus the simulated EDPs under the tilt angle
will appear inconsistent with the experimental ones. Then we
add 1 to εmin and retrieve the chiral indices again.

Finally, the method developed here can also be expanded
to the (n, m) assignment of SWNTs and other few-walled
nanotubes. As for SWNTs, this is only a period e in the
intensity distribution of layer-line l0. We can consider that
the E is infinite or 1/E is zero in equations (3a) and (3b), and
this is just the case reported in [22]. As for other few-walled
nanotubes, for example a three-walled nanotube, the three
diameters for different shells can be identified by fixing the
intensity profile of layer-line l0, and the following procedure
is similar to that before. Additionally, as this method is
calibration-free for the atom bonding length, it can also be
applied to other kinds of cylindrical nanotubes, such as boron-
nitride nanotubes [31].
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Figure 4. Bessel function fitting to the intensity profile of layer-line
l0 of the EDP in figure 3(b) with parameters of e = 31.85 and
E = 319.0.

5. Conclusion

To sum up, we have developed an efficient method to directly
determine the chiral indices of DWNTs by EDPs. With careful
consideration of the relationship between the tilt-effect errors
and the corresponding calculated chiral indices, the unique
procedure in determining the atomic structure of the large-
indexed nanotubes under a high tilt angle has been fully
demonstrated in the simulated and experimental EDPs. Since
this method only employs the peak positions in layer-line l0 and
the integrated intensity in layer-line l2 and l3, the chiral index
determination of common diffraction patterns is accessible.
Our method can also be applied to other types of CNTs,
such as SWNTs and few-walled nanotubes, and other kinds
of cylindrical nanotubes, such as boron-nitride nanotubes.
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