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Atomic-Scale Tracking Topological Phase Transition
Dynamics of Polar Vortex-Antivortex Pairs

Ruixue Zhu, Sizheng Zheng, Xiaomei Li, Tao Wang, Congbing Tan,* Tiancheng Yu,
Zhetong Liu, Xinqiang Wang, Jiangyu Li,* Jie Wang,* and Peng Gao*

Non-trivial topological structures, such as vortex-antivortex (V-AV) pairs,
have garnered significant attention in the field of condensed matter physics.
However, the detailed topological phase transition dynamics of V-AV pairs,
encompassing behaviors like self-annihilation, motion, and dissociation,
have remained elusive in real space. Here, polar V-AV pairs are employed as
a model system, and their transition pathways are tracked with atomic-scale
resolution, facilitated by in situ (scanning) transmission electron microscopy
and phase field simulations. This investigation reveals that polar vortices and
antivortices can stably coexist as bound pairs at room temperature, and their
polarization decreases with heating. No dissociation behavior is observed
between the V-AV phase at room temperature and the paraelectric phase
at high temperature. However, the application of electric fields can promote
the approach of vortex and antivortex cores, ultimately leading to their
annihilation near the interface. Revealing the transition process mediated
by polar V-AV pairs at the atomic scale, particularly the role of polar antivortex,
provides new insights into understanding the topological phases of matter
and their topological phase transitions. Moreover, the detailed exploration
of the dynamics of polar V-AV pairs under thermal and electrical fields
lays a solid foundation for their potential applications in electronic devices.

1. Introduction

Topological structures and their mediated topological phase
transitions have attracted considerable attention, due to their
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fundamental scientific significance and
their potential practical applications in
electronic devices.[1] Of particular inter-
est are vortex-antivortex (V-AV) pairs,
which play a critical role in understand-
ing superconductors,[2,3] superfluids,[4]

and various other exotic properties.[5–7]

V-AV pairs are expected to exhibit diverse
dynamic behaviors, such as motion and
self-annihilation, as supported by suf-
ficient theoretical investigations.[8,9] In
addition, the emergence and dissociation
of quasi-long-range ordered V-AV pairs
driven by thermal fields has also been
confirmed in 2D spin systems,[10] a phe-
nomenon known within the framework
of the Berezinskii–Kosterlitz–Thouless
(BKT) phase transition theory.[11–15]

Limited by existing characterization tech-
niques, obtaining reliable experimental evi-
dence regarding the detailed evolutions of
V-AV pairs in real space remains a chal-
lenge. For example, the commonly used
Lorentz transmission electron microscopy
(LTEM) for studying magnetic topologies

suffers from vulnerable phase contrast, making the LTEM results
highly sensitive to experimental conditions such as defocus.[16–19]

Moreover, due to the weak magnetic signal in quasi-2D mag-
netic materials, LTEM usually requires a large defocus to record
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data,[20] thereby preventing the realization of ultrahigh spatial
resolution. Expanding the scope of research to the field of fer-
roelectrics, several simulation studies have predicted the occur-
rence of a BKT phase transition in 2D electric dipole systems
with an increase in temperature, accompanied by a power-law
decay of the correlation function.[21–23] However, conclusive ex-
perimental evidence is still lacking. A few studies have aimed to
reveal the evolutions of polar V-AV pairs. Using atomic force mi-
croscopy, Chae et al. find that the temperature-dependence tran-
sition of pairwise polar vortices in layered hexagonal ErMnO3 is
not of the BKT type.[24] Additionally, Kim et al. demonstrated the
biased-tip-induced creation and separation of a polar V-AV pair
in BiFeO3 film using angle-resolved lateral piezoresponse force
microscopy (PFM) at the hundred-nanometer scale.[25] The PFM
contrast is generally sensitive to multiple external factors, such
as the coupling of the tip and moving cantilever, and it is difficult
to distinguish the contribution of ion potential and polarization
charge, making data interpretation vulnerable.[26–29] When con-
sidering spatial resolution, the characterization techniques avail-
able for ferroelectrics are superior to those for ferromagnets. Var-
ious atomic imaging techniques based on a transmission elec-
tron microscope (TEM) can precisely map subunit-scale polar
dipoles,[30–33] enabling in situ tracking of the topological phase
transition dynamics of polar V-AV pairs even more compelling.

The PbTiO3(PTO)/SrTiO3(STO) superlattice serves as a
paradigmatic framework for the investigation of various po-
lar topologies, involving flux-closures,[34–36] vortices,[37,38] and
skyrmion bubbles,[39] along with their topological phase tran-
sitions in response to external stimuli.[40–48] Previous simula-
tions based on first principles calculations have predicted the
formation of polar V-AV pairs consisting of electric dipoles in
(PTO)n/(STO)n (n = 3, 6) superlattices.[49] Furthermore, through
carefully manipulating the layer thickness of PTO/STO superlat-
tices grown on DyScO3 (DSO) substrates, Adeel et al. have suc-
cessfully demonstrated the stable existence of polar V-AV pairs at
room temperature in experiments, thanks to the delicate tuning
of elastic, electrostatic and gradient energies.[50–53] In contrast to
the alternating clockwise and counterclockwise vortex arrays that
are located within the PTO layers with their formation primar-
ily dependent on elastic conditions, the antivortex arrays are ob-
served within the confined paraelectric STO layers, displaying a
strong dependence on electric fields and a relatively weaker sen-
sitivity to strain.

In this context, we consider polar V-AV pairs in the fabricated
quasi-2D (PTO)11/(STO)6 superlattice lamella as the ground state
to investigate their possible dynamic behaviors under thermal
and electrical stimuli in real space. As schematically shown in
Figure 1a, the terminals of thermal- and electric-field-induced
transition are disordered paraelectric phase and long-range-
ordered ferroelectric monodomain. Combining atomically re-
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solved in situ spherical aberration-corrected transmission elec-
tron microscopy and phase-field simulation, we find that polar
vortex and antivortex coexist and behave as bound pairs over a
wide temperature range, but their polarization magnitude grad-
ually decreases upon heating. No unbinding of polar V-AV pairs
occurs between the ground state and the paraelectric state. In ad-
dition, an electric field can promote the motion and approach of
adjacent vortex cores and antivortex cores, culminating in their
annihilation near the interface. Our findings reveal the dynamic
details of polar V-AV pairs at the scale of an electric dipole and
provide useful information for their potential applications in the
future, as well as effective guidance for exploring the associated
BKT phase transition in ferroelectric materials.

2. Results and Discussion

Guided by the phase diagram of polar V-AV pair dependent on
the PTO/STO layer thickness,[50] we grew (PTO)11/(STO)6 super-
lattices on DSO substrates using pulsed laser deposition for this
study, with embedded SrRuO3 (SRO) layer serving as the bottom
electrode (details in the Experimental Section, Supporting Infor-
mation). A typical atomic-scale middle angle annular dark field
(MAADF) scanning transmission electron microscopy (STEM)
image taken along the (010) zone axis reveals alternate PTO and
STO layers with sharp and coherent interfaces (Figure 1b). Vor-
tex arrays exist in the PTO layers, as evident from the alternating
high and low diffraction contrast in the TEM dark-field image
(Figure 1c) and the weak strain contrast observed in the MAADF
image. A magnified high-angle annular dark field (HAADF) im-
age is shown in Figure 1d, from which we can derive the dis-
placement of Ti relative to the four neighboring cations and sub-
sequently calculate the polarization (details in the Experimen-
tal Section, Supporting Information).[30] The local polar vector
map is plotted in the left panel of Figure 1e, confirming the exis-
tence of bound V-AV pairs within the superlattice (complete maps
of polarization orientation and magnitude are shown in Figures
S1 and S2, Supporting Information). Notably, antivortices in the
STO layer are sandwiched between pairs of aligned vortices with
the same circulation in adjacent PTO layers, in good agreement
with the phase field simulation results depicted in the middle and
right panels.

The distribution of polar V-AV pairs can be reflected by the
unit-cell-level maps of out-of-plane lattice constant c (Figure 1f)
and in-plane lattice constant a (Figure 1g). These maps were cal-
culated based on Figure 1d and showed strong consistency with
the simulation results in Figure 1h,i. Obviously, the c-color map
in Figure 1f exhibits a characteristic orange sinusoidal wave pat-
tern within the PTO layers, with local maxima corresponding to
the most strained vortex cores, marked by purple balls. Notably,
the staggered vortex cores are located at different heights. In ad-
dition, the a-color map in Figure 1g also helps identify the vortex
cores, which are located at the vertices of the orange triangles.
In the STO layer, the inhomogeneous a-color map exhibits an
orange-colored wave feature, which is more pronounced in the
simulation image (Figure 1i). The antivortex cores are located in
the gaps of the orange wave, denoted by orange balls. Apart from
lattice analysis, we also carried out accurate quantitative measure-
ments of the out-of-plane polarization pz and in-plane polariza-
tion px of Ti cations. Corresponding color-magnitude maps are

Adv. Mater. 2024, 2312072 © 2024 Wiley-VCH GmbH2312072 (2 of 9)

 15214095, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adm

a.202312072 by H
uazhong U

niversity O
f Sci &

 T
ech, W

iley O
nline L

ibrary on [05/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advmat.de


www.advancedsciencenews.com www.advmat.de

Figure 1. Characterization and quantitative analysis of polar V-AV pairs in designed (PTO)11/(STO)6 superlattice. a) Evolution diagram of polar V-AV
pairs under thermal (T) and electric (E) fields. The purple balls represent vortices with the topological number of +1, and the orange balls represent
antivortices with the topological number of −1. b,c) Low-magnification MAADF-STEM image (b) and TEM dark-field image (c) formed by reflection with
g = 002, showing the high quality of the designed (PTO)11/(STO)6 superlattice and the diffraction contrast of polar vortex arrays in PTO layers. d) An
enlarged atomically resolved HAADF-STEM image of a 6-u.c. thick STO layer sandwiched between two 11-u.c. thick PTO layers. The HAADF image is
partially overlaid with yellow arrows, denoting polar vectors calculated from the off-center displacement of Ti. The polar vector map derived from (d) and
the simulation results are depicted together in (e), demonstrating high consistency. The arrows on the rightmost panel in (e) are unified to the same
length to highlight the antivortex configuration. f,g) The unit-cell-scale mappings of lattice c (f) and lattice a (g) extracted from (d). h,i) Corresponding
simulation results of lattice c (h) and lattice a (i). j,k) The unit-cell-scale mappings of out-of-plane polarization pz (j) and in-plane polarization px (k).
l,m) Corresponding simulation results of pz (l) and px (m). The black rotation arrows indicate the rotation direction of polar vortices. Insets: calculation
sketches of c, a, pz, and px.

displayed in Figure 1j,k, showing good agreement with the simu-
lation results in Figure 1l,m. In reference to the polar vector map
in Figure 1e, it is evident that the polarization distribution of the
vortex is asymmetric, manifested by unequal in-plane domains
and zig-zag vortex cores.[33]

Taking polar V-AV pairs as the ground state, we delved deeper
into their thermally responsive behaviors through in situ heating
experiments. As schematically shown in Figure S3 (Supporting
Information), we first used the focused ion beam (FIB) method
to cut and acquire quasi-2D lamellas from the epitaxially grown
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Figure 2. Real-space evolution of polar V-AV pairs under thermal excitation at the atomic scale. a) A series of HAADF-STEM images acquired with
increasing temperature. b,c) The corresponding unit-cell-scale mapping series of out-of-plane lattice c (b) and in-plane lattice a (c) are derived from (a),
indicating the disappearance of polar V-AV pairs. d,e) Std of lattice c and lattice a in PTO layers (d) and STO layers (e) as a function of temperature, with
decreasing trends representing the lattice constant distribution from discrete to uniform.

superlattice film. Subsequently, we transferred these lamellas to
specially designed E-chips to conduct in situ experiments (fur-
ther experimental details can be found in the Experimental Sec-
tion, Supporting Information). During the heating process, we
collected atomically resolved HAADF images at different tem-
peratures, including 25, 300, and 400 °C, as shown in Figure
2a (Temperature–Time curve is plotted in Figure S4, Support-
ing Information). Following image acquisition, Gaussian fitting
was employed to accurately determine the positions of atomic
columns, enabling quantitative analysis. The initial color maps of
lattice constants, featured in Figure 2b,c, portrayed characteristic
sinusoidal waves associated with polar V-AV pairs. With the tem-
perature increases, the orange sinusoidal patterns in the PTO lay-
ers become less pronounced (Figure 2b), indicating a reduction
and homogenization of the out-of-plane strain. This corresponds
to the disappearance of polar vortices, aligning with our simu-
lations (Figure S5, Supporting Information). Focusing on the a-
color map change in the STO layer (see Figure 2c), the previously
inhomogeneous in-plane strain transformed into a uniform dis-
tribution, reflecting the thermal erasure of antivortices. Notably,
the change in lattice constants caused by thermal expansion be-
low 400 °C has been evaluated to be less than 2 pm and can be ig-
nored (see details in Supporting Information Text).[54,55] On this
basis, we performed further quantitative statistics of the lattice
constants c and a, using the standard deviation (std) as a met-
ric (Figure 2d,e; Figure S6, Supporting Information). We calcu-

late the std using the formula StdT ◦C =
√

1
n

∑
(xT ◦C − x̄T ◦C)2 ,

where xT◦C represents each lattice constant value at T °C, x̄T ◦C
denotes the mean value at T °C, and n indicates the total num-
ber of data points. With heating, the stds of both lattice c and
lattice a in PTO and STO layers displayed a decreasing trend,
signifying a reduction in the dispersion of lattice constants at-
tributed to the disappearance of polar structures. For compara-
tive purposes, we also conducted a similar quantitative analysis
on a (PTO)7/(STO)13 superlattice that exclusively contains vortex,
lacking antivortex (Figure S7, Supporting Information). Indeed,
the stds of c and a in the STO layer devoid of antivortex was rela-
tively lower than those in the (PTO)11/(STO)6 superlattice, which
contains antivortex.

The thermal evolution of polar V-AV pairs is further illu-
minated through unit-cell-scale measurements of out-of-plane
polarization pz and in-plane polarization px, as shown in
Figure 3a,b. The profiles depicting variations of polarization mag-
nitude, corresponding to the black dashed frames, provide quan-
titative insights into the reduction in ferroelectricity with in-
creasing temperature, as depicted in Figure 3c,d. The topolog-
ical phase transition from V-AV pairs to the paraelectric phase
occurs at ≈400 °C. It is worth noting that vortex and antivor-
tex consistently coexist as bound pairs, without any annihi-
lation or separation into isolated individuals. Nevertheless, at
T = 370 °C, the average polarization of the antivortex measures
only ≈0.43 μC cm−2, signifying the near disappearance of its fer-
roelectric character. At this time, the average polarization of the
vortex remains relatively high, ≈4.06 μC cm−2. This suggests that
the polar antivortex may disappear prior to the polar vortex during
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Figure 3. Thermal field induced variation of polarization at the atomic scale. a,b) Out-of-plane polarization pz (a) and in-plane polarization px (b) mapping
series derived from the atomically resolved HAADF-STEM images acquired during heating. The critical Curie temperature is ≈400 °C. c,d) Vertical pz (c)
and px (d) line profiles corresponding to the black dashed frames in (a,b), respectively. The magnitude of pz and px decrease during heating, culminating
with the formation of the paraelectric phase. e,f) Simulation results corresponding to the variation of pz (e) and px (f). g) Temperature phase diagram
of polar V-AV pairs, showing the temperature dependence of the average polarization |P|. N represents the topological number.

the heating process, primarily due to the dependence of antivor-
tex stability on bound charges provided by adjacent vortices.[50]

Moreover, our simulations reveal that the staggered vortex cores,
present at room temperature, tend to align horizontally at high
temperatures, as evident from Figure 3e,f. This realignment is
attributed to the combined effects of increased Landau energy
and decreased elastic energy, as detailed in Figure S8 (Supporting
Information).[56] In accordance with the phase field simulations,
we have constructed a temperature phase diagram, as shown in
Figure 3g, elucidating the temperature-dependent variations in
the average polarization, denoted as |P|. This diagram is divided
into three regions: i) 25–370 °C, where V-AV pairs are dominant;
ii) 370–400 °C, during which antivortex disappears while vortex
persists; iii) temperatures exceeding 400 °C, leading to the for-
mation of a disordered paraelectric phase.

Connecting the bottom electrode SRO and the carbon layer de-
posited on the film surface to the positive and negative electrodes

respectively enables the application of electric fields to the polar
V-AV pairs to further explore their electrical response behaviors.
A series of typical dark-field TEM images (Figure 4a) depicts al-
ternating bright and dark dotted-like regions initially represent-
ing vortex arrays, which then evolve into tilted stripes, indicat-
ing a topological phase transition from the vortex phase to trivial
a/c domains (Figure S9, Supporting Information).[42,45] Geomet-
ric phase analysis of low-magnification atomic images revealed
similar results (Figure S10, Supporting Information). With a fur-
ther increase in the applied electric field, the PTO layers manifest
a uniformly polarized state, indicative of the formation of ferro-
electric monodomains. Simulation results mirror this transition
process consistently (Figure 4b; Figure S11, Supporting Informa-
tion). Note that upon removal of the electric field, the vortex state
can be restored (Figure S12, Movie S1, Supporting Information).
An intriguing finding is that the cores of the vortex and antivor-
tex respond to the electric field by moving and approaching each
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Figure 4. Real-space evolution of polar V-AV pairs under electric excitation. a) Low magnification TEM dark-field image series formed by reflection with
g = 002, displaying the transformation from V-AV pairs to monodomain under applied electric bias, with a/c domain intermediate phase as outlined by
the white dashed lines. b) The corresponding phase field simulation results in the spatial distribution of out-of-plane polarization under electric fields.
c) Simulated polar maps of intermediate states captured at ≈160 and ≈180 kV cm−1. The black frames highlight the antivortex cores. d) Electric field
phase diagram of polar V-AV pairs, showing the evolution of energy components. Three regions can be found in which V-AV pairs, a/c domains, and c
domains are dominant, respectively.

other until their ultimate annihilation near the interface. The cor-
responding dipole evolution is visually depicted in Figure 4c. Fur-
thermore, a phase diagram has been conducted to illustrate the
electric-field-dependent evolution of polar V-AV pairs along with
their energy changes (Figure 4d). Three regions are divided: i)
0–200 kV cm−1, V-AV pairs are dominant; ii) 200–750 kV cm−1,
V-AV pairs are broken and a/c domains are dominant; iii) above
750 kV cm−1, with c domains emerging as the dominant phase.

The underlying mechanisms of these phenomena are dis-
cussed briefly below. In magnetic systems, the interaction be-
tween vortex and antivortex, composed of spins, is generally at-
tractive, leading to their self-annihilation when they come into
close proximity.[9,57] Stable-bound V-AV pairs are only possi-
ble under specific scenarios, such as when they are confined
within narrow temperature ranges or subject to particular pin-
ing states.[58–61] The dissociation of V-AV pairs occurs at the
BKT transition temperature, resulting in the appearance of iso-
lated free vortices.[2,62] In contrast, within our ferroelectric su-
perlattice regime, polar V-AV pairs can spontaneously form un-

der delicate strain and electrostatic boundary conditions. They
remain stable at room temperature in the absence of external
fields. The pinning effect of the interface prevents their self-
annihilation, but the application of an electric field can promote
the approach of vortex and antivortex cores to each other, lead-
ing to their annihilation near the interface. Furthermore, dur-
ing heating, no binding-unbinding phenomenon of polar V-AV
pairs is observed. One possible explanation for this observation
could be the presence of the PTO/STO interface, which intro-
duces a pinning potential that significantly perturbs the sepa-
ration of polar V-AV pairs. It’s crucial to emphasize that the
topological phase transition dynamics of the polar antivortex in
STO layers are closely related to those of the polar vortex in
PTO layers since the stability of the polar antivortex depends
on the electrostatic conditions established by the adjacent polar
vortex.

In addition, in our study, we prepared nanometer-thick lamel-
las from the PTO/STO superlattice films through FIB etch-
ing, introducing a change in strain conditions compared to the
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as-obtained thin film. The original biaxial strain provided by the
substrate transforms into a uniaxial strain,[63] which may lead to
polar structure reconstruction and phase transition pathways that
differ from those studied using X-ray diffraction techniques.[43,44]

Particularly, in our case, the high-temperature a1/a2 phase was
not observed.

3. Conclusion

We have employed room-temperature polar V-AV pairs as the
ground state to quantitatively investigate their topological phase
transition dynamics under thermal and electric fields, achieving
atomic-level spatial resolution. During the heating process, the
polarization magnitude gradually decreases. The polar antivor-
tex disappeared prior to the polar vortex, and no dissociation-
like behavior of polar V-AV pairs was observed. The superlat-
tice interface facilitates the formation of polar V-AV pairs, while
on the other hand seems to prevent their dissociation and self-
annihilation. However, under the action of electric fields, the
cores of adjacent polar vortex and antivortex gradually approach
each other and annihilate near the interface, resulting in the tran-
sition from the vortex phase to a/c domains. Our in situ investi-
gation of polar V-AV pairs in PTO/STO superlattice lamella sheds
light on their role in mediating topological phase transitions un-
der thermal and electric fields, laying the groundwork for future
experimental exploration of ferroelectric BKT phase transitions.
Furthermore, the dynamic details revealed at the atomic scale
provide essential information for the design of devices based on
them.

4. Experimental Section
Fabrication of Superlattice: The SRO bottom electrodes were epitaxial

grown on (110)-DSO substrates by pulsed laser deposition (PVD-5000,
with a 248 nm KrF excimer laser). The PTO11/STO6 superlattices were
then deposited using the deposition parameters given in the previous
literature.[63] The PTO ferroelectric layer was deposited from a 2-inch tar-
get with 10% excess Pb (Pb1.1TiO3) to compensate for Pb volatility. A nom-
inally stoichiometric STO target was used to deposit dielectric layer STO.
Alternative PTO and STO layers were deposited with the substrate held at
a temperature of 600 °C and oxygen pressure of 200 mTorr. Laser energy
fine-tuning for the growth of the SRO, PTO, and STO sublayers was cru-
cial for the presence of a polar vortex-antivortex pair in the superlattice. The
sublayers’ thicknesses were held by controlling the laser pulse number. Af-
ter deposition, the superlattice films were cooled to room temperature at
20 °C min−1 under a 200-mTorr oxygen pressure.

TEM Sample Preparation: Cross-sectional TEM samples for in situ
thermal and electrical experiments were prepared using focused ion beam
(Helios G4) etching. As illustrated in Figure S3 (Supporting Informa-
tion), nanometer-thick lamellas were obtained from the epitaxially grown
PTO/STO superlattice film through ion beam processing and were then
transferred to custom-made chips provided by Protochips, Inc. The TEM
sample for heating was positioned on the integrated hole of the chip,
whereas the sample for applying external bias was fixed on two Pt elec-
trodes.

Electron Microscopy Characterization and Quantitative Analysis: In situ
(S)TEM experiments were performed with a Protochips double-tilt holder,
and the process was observed using an aberration-corrected FEI Titan
Themis G2 at an accelerating voltage of 300 kV. Dark field TEM images
were acquired under the two-beam condition with g = 002. The conver-
gence semi-angle for STEM imaging was 30 mrad, and the collection semi-
angle snap was 50 to 200 mrad for HAADF and 39 to 200 mrad for MAADF.
The atom positions were determined by simultaneously fitting 2D Gaus-
sian peaks using homemade MATLAB codes. For ABO3-type perovskite ox-

ide, the geometric center of the four heavier A-site atoms was considered
as the centrosymmetric position, denoted by coordinates (x1, y1), while the
coordinates of the B-site atom were represented by (x2, y2). The off-center
displacement (𝛿) between the B-site atom and the selected geometric cen-

ter could be readily calculated as 𝛿 =
√

(x2 − x1)2 + (y2 − y1)2 . The
relationship between polarization and displacement was expressed by the
following formula:[64] Ps = 1

v

∑
i
𝛿iZi, where v is the volume of the unit

cell, 𝛿 represents the displacement between the atoms and the selected
geometric center, and Z is the Born effective charge of atoms, defining the
polarization change per unit displacement. In this system, Z = 6.71 for Ti
in PTO and Z = 7.12 for Ti in STO.[65]

Phase Field Simulation: In order to accurately predict the topological
phase transition of vortex-antivortex pairs in superlattices, a phase field
model with polarization-dependent elastic and electrostrictive coefficients
was adopted.[66] The free energy density in the phase field model was as
follows

f
[{

𝜀ij

}
, {Ei} , {Pi} ,

{
Pi,j

}]

= 𝛼ijPiPj + 𝛼ijklPiPjPkPl + 𝛼ijklmnPiPjPkPlPmPn +
1
2

gijklPi,jPk,l

+ 1
2

(
cijkl + aijklmnPmPn

)
𝜀ij𝜀kl −

(
qijkl + bijklmnPmPn

)
𝜀ijPkPl

− 1
2
𝜅0𝜅ijEiEj − EiPi

(1)

in which Pi, ɛij and Ei are the spontaneous polarization, strain, and electric
field components, respectively. 𝛼ij, 𝛼ijkl and 𝛼ijklmn are the Landau energy
coefficients, gijkl are the gradient energy coefficients, 𝜅0 is the vacuum per-
mittivity and 𝜅 ij are the background dielectric constants. cijkl and qijkl are
elastic and electrostrictive coefficients of the paraelectric state, respec-
tively. In order to accurately model the elasticity and electromechanical
coupling properties of the ferroelectric phase, the polarization-dependent
elastic coefficients aijklmnPmPn and electrostrictive coefficients bijklmnPmPn
were added to the coefficients of elastic and electrostrictive energy densi-
ties, respectively, in Equation (1). In which aijklmn were obtained by fitting
the results of experimental measurement,[67] whereas bijklmn were derived
by using a similar approach to that of qijkl.

[68] The polarization-dependent
elastic and electrostrictive coefficients had the advantage to adjust the
properties of elasticity and electromechanical coupling in the ferroelectric
phase automatically with the change in polarization. These polarization-
dependent coefficients would reduce to zero when the polarization disap-
pears in the paraelectric phase, see Table S1 and text (Supporting Informa-
tion) for details. All repeating subscripts in Equation (1) imply summation
over the Cartesian coordinate components xi (i = 1, 2, and 3), and “, i”
denotes the partial derivative operator with respect to xi (∂/∂xi).

The temporal evolution of the polarization could be described by
the time-dependent Ginzburg–Landau (TDGL) equations as 𝜕Pi(r,t)

𝜕t
=

−L 𝛿F
𝛿Pi(r,t)

, where L represents the domain wall mobility, F = ∫
V

f dV is the

total free energy in the whole simulated system, r and t denote the spatial
position vector and time, respectively. In addition, both the mechanical

equilibrium equations 𝜎ij,j = 𝜕

𝜕xj
( 𝜕f
𝜕𝜀ij

) = 0 and the Maxwell’s equation

Di,i = − 𝜕

𝜕xi
( 𝜕f
𝜕Ei

) = 0 were satisfied simultaneously for a body-force-free

and charge-free ferroelectric system, where 𝜎ij and Di are the stress and
electric displacement components, respectively.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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